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Abstract

The applicability of conventional process engineering terms like value function,
separative work unit, etc. to the laser isotope separation process has been estab-
lished through appropriate formulation of the problem. The value function devel-
oped in this paper has been shown to be useful in arriving at guidelines for optimal
design and operation of an isotope separation plant. A direct and simple model
has been developed for a single-phase single-component laser photoreactor stage.
This model, incorporating the key features and constraints of the laser isotope
separation process, can provide an analysis and design basis to the process engineer.

INTRODUCTION

In recent years the field of laser photoreactions has seen intensive re-
search which has led to new methods of synthesis of chemical and bio-
chemical compounds, novel techniques of gas-phase catalysis, trace im-
purity removal, and highly efficient methods of isotope separation. Due
to the high cost of a unit mole of photons, industrialized application of
laser photochemical and photophysical methods has been possible only in
the field of separation of isotopes (1), which is one of the most difficult
separation tasks.

Photochemical and photophysical reactions have a unique feature, i.e.,
their selectivity. The selectivity of photoreactions makes feasible the man-
ufacture of products which would be thermodynamically impossible by
thermal means or would be deemed practically forbidden by kinetic con-
siderations (2). Although it would seem probable that an ordinary light
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source properly filtered and optically manipulated would suffice for pho-
toreactions, only the advent of lasers has removed the limitations of or-
dinary light sources; namely, in the degree of monochromaticity, tunability,
intensity, spatial and temporal coherence, and short pulse widths (3). Be-
sides, multiphoton dissociation of molecules by IR laser light has intro-
duced a new regime of photochemistry and a range of process applications
including laser isotope separation (LIS).

DISTINCTIVE FEATURES OF THE LIS PROCESS

The conventional separation processes are classified into “‘equilibrium”
and ‘“‘nonequilibrium” processes. Chemical exchange and vapor-liquid ex-
change are examples of 2-phase equilibrium separation processes. The laser
isotope separation process does not fall into the category of thermodynamic
equilibrium processes. And yet, unlike the other rate processes, the energy
demand for the process itself is extremely small, thanks to the high selec-
tivity of photoreactions. The isotopic shift in the spectrum and the con-
sequent selectivity of the photon are utilized in achieving the separation.
In the laser excitation process the time scales in which the steady states
are attained are extremely small and are within the lifetimes of the excited
states. The excited species is either dissociated, reacted, or ionized irre-
versibly within the stated time scales. In fact, if the excited species were
allowed to come back to thermodynamic equilibrium with its surroundings,
the selectivity or the separation factor would be lost (3). Thus, in the case
of laser isotope separation we are dealing with a rate process where the
monochromatic photons produced in short pulses are one of the reagents.

The growing importance of this field, given the possibility of rapid in-
dustrial applications, makes it necessary for a process engineer to evolve
a systematic approach for analysis and design of laser photochemical re-
actors. In this paper we develop a formal approach toward analysis of
isotope separation by laser photoreaction using conventional process en-
gineering terms, namely, value function, separation factor, number of
transfer units, countercurrent stages, etc. We have examined the possibility
of defining an ideal separation factor similar to the maximum separation
factor oy, = (M,/M,) of the gaseous diffusion process or a maximum
radial separation factor for a gas centrifuge o4, = exp (AMv?*/2RT). An
attempt is also made to describe the separation behavior in the usual y vs
x curve, which will enable the process engineer to make preliminary design
decisions and identify optimal operating conditions. The approach pre-
sented here could be used for making a priori comparison with other isotope
separation processes.
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VALUE FUNCTION AND SEPARATION DUTY IN LIS

Historically, the concept of value function and separative work unit,
SWU, have been applied to hitherto known commercial processes having
high throughput and separation factors close to unity. Thus it is commonly
believed (4-6) that the value function and SWU are applicable to processes
with small enrichment factors (e = o — 1) and where € is virtually inde-
pendent of concentration. Many authors (4-7) are of the opinion that the
value function and SWU are not applicable to LIS because of its large
separation factor and because it is not used in an ideal cascade. In the
following analysis it is shown that with proper formulation, the concepts
of value function can be applied to LIS processes.

By definition, the separation duty of the separator or the value added
by the separator is given by

SU = Pu(y) + Wu(x) — Fu(z) (1)

where v(i), { = x,y, z, is the value of 1 kg of mass. Here x, y, and z are,
respectively, the compositions of W (tail), P (head), and F (feed) in a
separator. The derivation of the value function will be shown below for
two broad classes of separation regimes, namely, a close separation case
and a large separation case.

Close Separation Case
In this case the separation factor (8)

_y(l - 2)
B = a0 =)z (2)

is close to unity and thus § — 1 may be approximated as
y-—z=@- Dzl - 2) (3

Following Cohen (8), we use Taylor’s expansion of u(y) and v(x) about
v(z) in Eq. (1) and obtain for 8 = P/F = 1/2

B -1y

U = F > (4a)

dv(z) 1
dz2 221 - 2)?

(4b)
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We solve Eq. (4b) with the initial conditions v(z;) = 0 and v'(zy) = 0.
It is advantageous to write this solution as v(z;z,) where z, is a reference
parameter. The solution

wmo=u—mmC;Z %>+u—am—na(ﬁ

1 -2z zo(1 — zy)

assumes the following form for z, = 0.5,

v(z;0.5) = 2z — 1) In (1 —

) = $(2) (6)

where &(z) is the elementary value function, which is the same as the
elementary separative potential defined by Brigoli (9).

Large Separation Case

In the large separation regimes we consider two cascades, one without
a stripper and the other with a stripper section. For a cascade without a
stripper, the value of waste is taken as zero. We now define

Y=—y_—’ X= ad ’ Z= z ) Z()=L
1 -z

(7a)

and
B =Y/Z, B, = Z/X, a = BB (7b)
For B, = B,, without any loss of generality, we can represent the separative

duty of a separator stage by Eq. (1).
We can write the following material balance and value balance relations:

P (+B2) _
7?_(1+Z)(B+l)_e (8a)
w__Bu+2/8) _, _, (8b)

F (Q1+2)B+1)

_ (1+p2) B(l + Z/B) (Z) _
W=+ 26+ 0P T+26+1'\s) V& &)
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To derive the expression for v(Z), we shall follow the method of Cohen
(8) and Pratt (10), which is based on the difference equation for stage
processes. The main steps are given below. Assume that the separative
duty of the separator is independent of concentration, Z, and that 8 is a
constant. Therefore,

SUIF = C (9)
The composition Z at any stage n is expressed as
ZzZ = B"Z()

_In[Z/Z]
"= B (10)

where Z, is the concentration of the stream entering Stage 1. Now setting
(1 + Z2)(Z) = (1 + ZBYW(ZB") = G(n) (11)

The difference equation is obtained as

Gn+ 1) - @B+ 1HGH) +BGr — 1) =CB + 1X1 + Zp) (12)

whose general solution can be written in the form

®+1

G = Cg )"

n(Zp" — 1) + Ap" + B (13)

With the initial conditions

w(Zy) = v(Zy/B) =0 (14a)
and taking
W _B-1
C=— F (B+l)nB (14b)

the constants A and B in Eq. (13) can be evaluated to yield

zZ(1 — zy) N In BB — 2¢(B + D)z — zy)

uZ) = (2z - 1)In (1 - 2)z, (B — Dzy(1 = zp)

(15)
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The above mathematical definition of the value function is structurally the
same as that for the close separation case. Because of the B-dependent
term on the RHS of Eq. (15), many authors have concluded that the value
function has any real significance only in the case of 8 close to 1. Pratt
(10) suggested that if the value of waste in the stripper section is included,
then the value function can be made independent of the term (.

For a cascade with a stripper section, we derive the value function for
large B by changing the initial conditions. In setting up the new initial
conditions, we must recognize that while dealing with valuable and scarce
resources where recovery factors are important, the assumption
v(Z,/B) = 0 may not be valid. The new conditions are

U(Z()) = 0, U’(Z(]) = (

Using these conditions in Eq. (13), we obtain

A+B=0
B+ 3
A mp@-p! A

Further, using Egs. (7) and (14b) we have

z2(1 = zy) N (1 - 2z))(z — zy)
1 - 2)z zo(1 — zy)

v(Z;Zy) = (22 — 1) In (16)

The value function is now independent of  and is the same as that for
the close separation case. Noting Z, = 1 for z, = 0.5, we get

4

v(Z;1) = v(z;0.5) = 2z — 1) In a-2

= &(2) (17

where ¢(2) is the elementary value function. Since the value balance around
the separator will remain the same whether v(Z;Z,), v(Z;1), or v(z;0.5) is
used, &(z) itself can be considered as a value function. In retrieving the
expression for the elementary value function for large §, we had only set
up the condition that the separative duty of the separator shall remain
independent of the concentration. While deriving the expression for the
elementary value function ¢(z), we were not constrained by the nature of
the process being nonequilibrium or not having low 8. Thus, there is no
loss of generality in applying it to the LIS process. Davis et al. (11), using
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a thermodynamicist’s approach as shown below, concluded that the value
function is a fundamental expression. For a binary mixture of species A
and B,

b as + as
= Xpa— + Xg—
AaXA BaxB

where x, and xp are the concentrations and s, the specific entropy of mixing,
is given by

s =xalnx, + xpglnxg

It can be shown that the expression for ¢ used by Davis et al. can be put
in the form of an elementary value function as in Eq. (17). Moreover, on
examining the nature of the value function we find:

(1) The value function is independent of the separator’s parameters.

(2) It serves the objective of quantitatively defining the work related to
separation. It can be unambiguously combined with the material bal-
ance and energy balance around the separator. It provides a method
of quantifying the value balance around the separator.

(3) This is a unique function and has a reference point; e.g., $(z) = 0 at
z = 0.5 or v(z4;29) = 0.

(4) For a given concentration, it is single valued.

(5) Although it may have the same value for two concentrations, because
of the choice of the reference point, the values always add/increase
when the material flows through the separator.

Since the value function fulfills the above-mentioned conditions, we can
treat it like a state function associated with the streams entering or leaving
a separator.

Role of Value Function for Optimal Cascade Operation

Let us now consider a separation plant (cascade) as shown in Fig. 1. The
net value produced in the separation plant in terms of SWU per kg feed
is given by

AU/kg F = 0u(y;zy) + (1 — 0)v(x;z0) — v(z;20) (18)
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P(= 6F) Kg/Y
CONCENTRATION, ¥

VALUE

=6 V(y,
Kg F Y; )
$ VALUE PRODUCED _
Kg F =$ecp
9
ENRICHER

F Kg/Y SEPARATION DUTY
CONCENTRATION, Z OF THE PLANT = A U Kg SWU/ Y
:—"%’—E-V(zizo) STRIPPER
: Wil=(I1-8)F1,Kg/Y
$ Py PERKgF

CONCENTRATION, X

VALUE
Kg F
$ O PER Kg OF WASTE

=(1-8) v(X;Zo)

FiG. 1. Separation plant (cascade) of capacity AU SWU/Y.

and cost of product produced per kg of F processed in dollars is
0C, = p. + pAAU) (19)

where C, = cost of product per kg P at concentration y
p. = price of feed of concentration z
p. = cost of unit SWU
6 = PIF

Combining Eqs. (18) and (19), we get

C, = %‘ + %”[Gv(y;z(,) + (1 = 0u(x;zg) — v(z;20)] (20)
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because the value balance will not change if we write the values with x as
the reference point. Further noting that v(x;x) = 0, we get

C = Bu plv(y;x) — v(z;x)/6] (21)

Applying the criterion for optimal design/operation of the plant (12),
namely, dC,/dx = 0, one can show that this condition is equivalent to the
criterion that no value should be lost through the stripper, and the cost of
retaining the value of the feed should be equal to the cost of the feed (see
Appendix A).Thus, the optimum condition for operation of the plant is

Pu = pev(z:x) (22)
and the minimum cost of producing 1 kg of product at concentration y is

C, = pu(y;x) (23)

Equation (23) can be shown to give the same value of C, as Eq. (20).
With this criterion we can also determine the limit to the price that can
be paid for feedstock of concentrations z’ which is different from the natural
concentration. If p, is the current market price of unit SWU and x,, is the
lowest concentration of the desired atoms in the waste streams, then

Pu: = pu(2'iX,) (24)

We suggest that x, should be taken as the lowest concentration of the
desired atoms encountered anywhere in the use of these isotopes. In the
case of uranium, the lowest concentration of U** occurs in the used fuel
of SEU-fueled PHWR reactors, i.e., 0.09%. If we treat this as x,, the
range of concentrations of depleted uranium (DU) and reprocessed ura-
nium (RU) can be priced as given in Eq. (24). This equation can also
be used to set the economic goal of enrichment processes as shown in
Table 1.

Table 1 is prepared by using as the base case the processing of a depleted
feed of concentration z' to get a product concentration equal to that of
natural uranium (y = 0.0072) and a tailing concentration of x,, = 0.0009.
Since the product is equivalent to a natural feedstock, its price can be taken
as the market price of natural feedstock. With the value of C, known, the
optimal value of p,, p;, can be calculated using Eq. (23). This value of
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TABLE 1|
Pricing of Feedstock of Different Concentrations”

Feedstock Doy = Product

concentration, pu(z'ix,) concentration, p.u(yix.)
z' v(z'x,) in$ y in$
0.0025 0.76 15.4 0.0072 100
0.003 1.13 23 0.03 588
0.0072 4.94 100 0.03 588
0.009 6.58 133.5 0.03 588

*C, = $100; x, = 0.0009. Thus p, = $20.30.

p. is used to calculate the economic prices of varying feedstock concen-
trations given a tailing concentration x,,.

Thus we have shown that the value function and separative work unit
(SWU) are powerful modes of representation of any separation process
including the LIS processes, and that they help in quantitatively deter-
mining the relevant process and economic parameters.

MODELING THE LIS STAGE

We now discuss how the LIS stage itself can be modeled as a separator
where the conventional process engineering concepts can be used.
Laser isotope separators are broadly of two types:

(A) Single-phase and single-component (chemical) reactors like those used
in atomic vapor processes.

(B) Two-phase and multicomponent reactors where the reactant species
changes phase or undergoes chemical reaction and the product is re-
moved from the reaction site.

While modeling a reactor of Type A, it can be seen that the reactor will
act like a flow splitter when the light is off, while in a multicomponent
reactor of Type B the second phase/product will not occur when the light
is off. Thus, Type B reactors generally cannot be modeled as flow splitters.
Here we discuss the modeling of laser reactors taking the Type A reactor
as an example. In a Type A reactor with the light off, the flow material
balance is given by

F=P +W (25)
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P Kg/Y
CONCENTRATION, ¥

|

P KgsY (F-P)z L Kg/Y
CONCENTRATION, Z CONCENTRATION 100%
LW Ka/Y
F Kg/Y st CONCENTRATION, X
CONCENTRATION 7
LASER
SEPARATOR INTERACTION
FLOW SPLITTER ZONE.

FiG. 2. Flow splitter model of Type A laser photoreactor.

and with the light on the material balance is
F=P+ W (26)

As shown in Fig. 2, the total desired species on which the light shines and
interaction takes place is given by (F — P')z. The transport of the desired
material from the feed stream to the product stream is P(y — z).

Spectral and Process Separation Factors

A process engineer usually looks for achievable maximum separation
factors. These are also known as ideal separation factors or separation
factors limited by the physical laws of the separation process. In the laser-
based processes an ideal separation factor or spectral selectivity is given
in terms of the ratio of the laser photon absorption cross-sections of the
species. Thus, the greater the isotopic shift, the greater will be the spectral
selectivity.

To a process engineer the spectral selectivity, which is usually very high,
matters insofar as the photon efficiency and the energy efficiency are con-
cerned. The process separation factors are dictated by the population dis-
tribution of the reacting species which can interact with the laser photons.
For example, in an atomic vapor the population of the reacting species is
distributed over several electronic energy levels 0 (ground), e, e;, e;, . . .
according to the Maxwell-Boltzmann distribution. The laser or lasers that
shine on this vapor stream will be directed at exciting one or more levels
to the subsequent excited states. If we, for the sake of simplicity, assume
that two colors of laser light are used to excite levels 0 and e, then the
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maximum recovery of the desired species by photo interaction will be

ny, + n,

= l(()+e) (27)

Riotal

In order to determine the limiting separation factor, we shall assume that
the excited species fraction, /, is removed from the reactant with 100%
efficiency. Thus the maximum recovery, limited by the population which
can react with the photons, is /:

_ Py - P:

I= (F - P)z

(28)

Usually the feed composition, z, is the natural abundance of the reacting
species, which in most cases is very small compared to 1, such that P =
P’. Equation (28) then reduces to

Ph-2)_(-n00-2) _,
Wz y — 2)z

and
x=( -0z (29)

If the separation factor Z/X is expressed as ,, then B, ... can be derived
as follows.

Baideal = (1 l_ ]~ Z) : (30a)

1 -2z

1=1 for z <<'1 (30b)

If z is not small compared to unity, then P is not equal to P’. If the selectivity
is very high (say infinite) and the collection efficiency is 100%, then the

photoseparated species will quantitatively be equal to (Py — P’z). The
desired and total material balance then can be written as

Py =(F - P)zl + P'z (31a)

P=(F—-P)l+P (31b)
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Case |

If sufficient photons are available in the whole range of the feed con-
centration, then / is a constant in Egs. (31a) and (31b). Combining the
desired material balance with the total material balance equation, we get

P+ (F-P)

TP A (F - P (322)
_ S+ a-f
SN (32b)
where
f=PIF

It is to be noted thaty = Oforz = Oand y = 1 for z = 1. The total and
desired material balance can also be written in terms of W and x as follows:

W=F-P=(F-P)-(F- P) (33a)
Fz — Wx =Py =(F- P)z + Pz (33b)

Now, by eliminating y in the material balance equation, we get

x = H (342)
X
S (34b)

Here again, z = 1 at x = 1. Substituting for z in Eq. (32b), we obtain

f+ Q-
YRS D + I (35)
Here also, y = 1 at x = 1. The behavior of the separator can be found
from the above-mentioned equations as shown in Table 2. From Table 2
it can be seen that / has a stronger influence on SWU output per kg F than
does f. At higher values of z, the SWU per kg F shows a marginal increase
caused by increasing values of 8 and a smaller difference between v(y;z,)
and v(z;zy).
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TABLE 2
SWU Output per kg F for Unlimited Photon Source
Feed f=101 f=10.15
z (%) I =06 0.8 0.6 0.8
0.32 0.64 1.24 0.56 1.11
0.72 0.64 1.24 0.56 1.11
1.0 0.64 1.24 0.56 1.1
3.0 0.64 1.24 0.56 1.11
10.0 0.66 1.26 0.57 1.11
50.0 0.75 1.34 0.61 1.13
70.0 0.79 1.38 0.63 1.14
95.0 0.85 1.43 0.66 1.14
Separation factor, a 16 41 11 2717
Case Il

If the availability of laser photons is limited in a system consisting of a
separator and a photon source, then there will be a maximum limit to the
quantity of photoseparated species. If the photons are constant and the
flow through the separator is invariant, then (F — P’) will also be constant.
Thus, for the regime z < z,,: (F — P')zl < C,, and the x—y-z relations of
Case I will apply. For the regime z = z,,.:

(F - Pzl = C, (36)

Here z,, is the limiting feed concentration where the maximum fraction /
of the species is excited and separated. Thus for z = z,,, we derive the
following relations:

Py = P'z + C, (37a)
P=P +C, (37b)
C, P’ f

,
y_C,,,+P’+C,,,+P’Z r+f+r+fz (38)
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where we have defined

C,, _ moles of photoseparated species
F moles of feed

ry =

_ moles of photons
"~ n (moles of feed)

(39)

In Eq. (39), n denotes the number of photons absorbed per molecule or
atom of the feed species. Rewriting the total and desired material balance
with W and x as before, we can get the following relations for z = z,,;:

__ G, (F-P) -G,
EEFE-PY (F - P)
_ T A-f=r
“a-pta-p 40
Substituting for z in Eq. (38), we can get for z = z,
r o A-f-vy @

YTeIna-nTerna-nt

The behavior of the separator for the Case II can be calculated from the
above-mentioned equations as shown in Table 3. Here it is seen that beyond
the limit z,, the separation factor as well as the SWU output decreases
rapidly compared to the unlimited photon case. For both the limited and
unlimited cases, the y vs x behavior calculated from Egs. (35) and (41) is

TABLE 3
SWU output per kg F with Limited Photon Source for f = 0.1, = 0.8
Feed z, = 0.0072 z,, = 0.0102
z (%) a SwuU o SWuU
0.40 41 1.24 41 1.24
0.72 41 1.24 41 1.24
1.02 14 0.57 41 1.24
5.0 23 0.039 2.95 0.071
10.0 1.6 0.012 1.89 0.022
50.0 1.12 0.0006 1.16 0.0011

95.0 1.06 0.0002 1.09 0.0003
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FiG. 3. y vs x behavior of Type A laser photoreactor. f = 0.1; for Curves a and ¢, [/ = 0.8;
for Curves b and d, / = 0.6.

represented in Fig. 3. The effort per stage or per batch in a laser separator
is dependent on the photon cost and also on the cost per kg of input feed
through the separator. If the number of stages to attain a given separation
objective are known, then the total effort can be easily estimated. The y
vs x plot can be used to get the number of stages required for attaining a
particular product in the manner described below. We construct this dia-
gram for a case of the LIS separator being operated in a batch campaign
mode. In this case the operating line is drawn from z, = y, on the 45° line
with a slope —W/P, which becomes characteristic of a given separator.
The intersection of the operating line with the y vs x curve is y,, which
becomes the feed z, for the next stage. The step off begins at z, = y, on
the 45° line. This procedure can be continued to get the total number of
stages.

It becomes quite obvious from the curve for Case II that the point of
optimum operation is around z,, for optimum utilization of the separator
effort as well as the laser effort.

CONCLUSIONS

The analysis presented in this paper has shown that the value function
and separative work units can be used as valuable tools for analysis of laser
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separators. With a suitable formulation of value function as v(z;z,) and
v(z;x), a wider range of separator operation can be handled. An example
of this is the development of simplified optimal conditions of operation of
a cascade or a separation plant. We have also evolved a simple method of
determining the maximum feedstock prices for a variety of concentrations
above and below the natural concentration, which the separator operator
can pay based on the prevailing market prices.

We have shown that the model developed for a Type A laser separator
incorporates the limiting features of the photophysical/photochemical re-
actor. The ideal or maximum separation factor in the separator is governed
on the one hand by the fraction of the population of the reactant which
can be addressed by the highly selective photon stream and on the other
by the flow splitting that takes place even when the photon stream is absent
in the reactor (i.e., when the laser light is switched off).

Once the separator is designed and installed, its characteristics are well
defined and are no longer flexible. In other words, the y vs x curve (be-
havior) of the separator is fixed for a given ratio range of photon moles
to reactant moles. Apart from the various physical limitations to being
able to vary this ratio over a large range, it is only practical to visualize
that the separator will be installed with a given laser power pool. Therefore,
the process engineer will have to find answers to such questions as *“Given
a laser isotope separator system, what is the optimum (economically com-
petitive) method of operating the separator for a given separator duty for

Case A: When only the laser isotope separator is available?
Case B: When other separation cascades/plants like the ones based on the
diffusive separation processes are also available to the operator?”

The model developed here gives pointers as to how the laser separators
should be operated and can help in setting up the decision-making criteria.
Our analysis of a and B dependence on z and P'/F and the analysis of y
vs x behavior will provide answers to both questions. In Case A, if the
entire separation is to be done by the laser separator, then in the regime
of operation 0.5 < z < 1 it would be more economical to excite the minor
species of concentration (1 — z) because the moles of photon requirement
will be reduced and a higher separation factor will be obtained with the
limited photon source. We observe that with knowledge of the behavior
of ya vs x, (and yg vs xp) and the concentrations of Species A and B, an
optimization strategy can be built for switching from one mode of excitation
(exciting A) to the other (exciting B).

For a limited photon source, the laser separation effort increases for
z > z,,. For acomparative study of the laser process with the other processes
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(as required for Case B), the y vs x curve could be used to get the number
of theoretical stages. With knowledge of the cost of effort per stage for
each process, a basis can be evolved for economic comparison.

For a countercurrent configuration, the usual stepping off method to
find the number of stages, with which the process engineer is familiar, can
also be utilized effectively here. The basic approach developed in this paper
can also be extended to the study of the performance of real systems,
where 1) selectivity has a finite value, 2) the parasitic ions are always
present, and 3) the product removal efficiency is less than 100%. Thus,
this simple and direct model of a separator can easily accommodate many
different features of the laser separation process.

APPENDIX A
Equation (21) can be rewritten as

y
2z

- X
G = pl P plo(yx) —

> — - i v(zix)] (A1)

The concentration x, at which C, will be minimum, is obtained by solving
for aC,/ox = 0.

aC y—z y—z y-—x
—P _ = Tlnye _ . _ 1( s
= 0 L + pe[v (5x) = x)zv(z,x) p—_ (z,x)]

(A2)
Since

1 - z)x + (z — x)(1 — 2x)

v(z;x) = (1 — 22) In

z(1 — x) x(1 — x)

vy = — > — Y
v(y’x)_xz(l—x)z
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Equation (A2) can be shown to yield

P, = pu(z;x)
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